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We investigate three-dimensional black hole solutions in the realm of pure and new massive gravity 
in 2 + 1 dimensions induced on a 2-brane embedded in a ﬂat four-dimensional spacetime. There is no
cosmological constant neither on the brane nor on the four-dimensional bulk. Only gravitational ﬁelds are 
turned on and we indeed ﬁnd vacuum solutions as black holes in 2+1 dimensions even in the absence of
any cosmological solution. There is a crossover scale that controls how far the three- or four-dimensional 
gravity manifests on the 2-brane. Our solutions also indicate that local BTZ and SdS3 solutions can ﬂow to 
local four-dimensional Schwarzschild-like black holes, as one probes from small to large distances, which 
is clearly a higher dimensional manifestation on the 2-brane. This is similar to the DGP scenario where 
the effects of extra dimensions for large probed distances along the brane manifest.
© 2011 Published by Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
The interest on (2 + 1)-dimensional gravity has been renewed
recently [1]. This in part is due to the diﬃculty to understand the 
quantization of four-dimensional gravity, and lower dimensional 
gravity provides good scenarios for investigating important issues 
in the sense of shedding new light on higher dimensional gravity. 
Furthermore, holographic aspects of three-dimensional gravity has 
also been considered in the AdS3/CFT2 correspondence [2,3]. On 
the other hand, pure 2 + 1 gravity is a topological theory and has
no propagating gravitons. However, massive propagating gravitons 
can appear in some proposals, among them, the case where one 
adds gravitational Chern–Simons terms as ﬁrst considered in [4], 
which has been named topologically massive gravity (TMG), and 
also within the more recent context, where new massive gravity 
(NMG) has been put forward by Bergshoeff, Hohm and Townsend
[1] — see also [5]. One may refer to these cases as ‘massive gravi-
ty’, though here we shall focus only on the NMG case.
In the current study we search for new three-dimensional 
black hole solutions. The three-dimensional black holes in (2 + 1)-
dimensional gravity with a cosmological constant such as BTZ 
black holes have been ﬁrst found long ago [6–8]. They are equiv-
alent to AdS3 spaces because they requires a negative cosmologi-
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found a class of interesting solutions — see e.g. [9].
We focus on elaborating a connection between three- and four-
dimensional gravity, if they can somehow ﬂow to one another. 
This may be related to the recent Horˇava program [10,11] of con-
sidering renormalizable gravity as a theory that can ﬂow effec-
tively from four- to two-dimensional spacetime. Thus, in a simi-
lar direction we shall follow the alternate proposal of applying a 
DGP-like scenario [12]. One of the ﬁrst consequences of this pro-
cedure is the fact that now there exist black hole solutions even 
in the pure three-dimensional gravity induced on a 2-brane em-
bedded into a four-dimensional Minkowski space. For the new 
massive gravity, new black role solutions with distinct horizons 
are also found. Another important observation is that at large dis-
tance, in the IR regime, the three-dimensional solution approaches 
a four-dimensional Schwarzschild solution, whereas on the other 
side, for small distances, i.e., in the UV regime, BTZ and three-
dimensional de Sitter–Schwarzschild (SdS3) black holes appear, the 
three-dimensional gravity is recovered and then an improved UV 
regime is achieved. One should also mention that there are well-
known exact solutions describing black holes on a 2-brane embed-
ded in four dimensions found for branes in the Randall–Sundrum-
like scenario [13,14].
In the current work we consider an alternative study, in which 
we analyze a (2 + 1)-dimensional theory of gravity as a 2-brane
with induced gravity through a scalar curvature term. This is the 
four-dimensional counterpart of the DGP scenario, which was orig-
inally developed in ﬁve dimensions [12]. We take advantage of this
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NMG context.
2. Circularly symmetric black hole solution in 3D induced gravity
on a 2-brane in 4D ﬂat spacetime
In this section we consider a four-dimensional set up which is
analogous to that employed in the DGP scenario in ﬁve dimen-
sions. In the current investigation, the theory is constructed based
on a 2-brane with a scalar curvature term embedded in a ﬂat four-
dimensional spacetime. The full action can be separated into two
parts
S = S(4) + S(3), (1)
where
S(4) = − 1
2κ24
∫
d4x
√|g|(R(4) − 2κ24 L(4)m ), (2)
with κ4 standing for the four-dimensional gravitational coupling,
ds24 = gab(r, z)dxa dxb (a,b = 0,1,2,3) being the metric of the
four-dimensional spacetime and
S(3) = − 1
2κ23
∫
d3x
√|q|(R(3) − 2κ23 L(3)m ), (3)
with κ3 standing for three-dimensional gravitational coupling and
ds23 = qμν(r)dxμ dxν (μ,ν = 0,1,2) being the induced metric on
the 2-brane at z = 0 with qμν(r) ≡ gμν(r, z = 0). It follows that
the induced scalar curvature R(3) is made out of this three-
dimensional metric and has no dependence with the transversal
fourth coordinate z. The Einstein equations in four dimensions for
this theory are
Gab = κ2(4)Sab, (4)
where
Sab = Tab + Uab. (5)
Tab is the energy–momentum tensor for the matter ﬁelds and Uab
is given by the curvature due to the induced metric on the 2-brane.
The tensor Tab can be written as
Tab = Tab|bulk + Tab|brane. (6)
Once we shall only investigate vacuum solutions for this theory,
the matter ﬁeld Lagrangians L(3)m = 0 and L(4)m = 0, so that we have
Tab = 0. (7)
As a consequence, the Einstein equations become
Gab = κ2(4)Uab, (8)
where
Uba = δ(z)diag(−ρcurv, pcurv, pcurv,0) (9)
deﬁnes the energy and pressure of the brane curvature. It has been
considered as the component of a ‘cosmic ﬂuid’ [15]. In searching
for three-dimensional black hole solutions embedded in a four-
dimensional spacetime we shall use the following ansatz
ds24 = −A(r, z)dt2 +
1
A(r, z)
dr2 + r2 dθ2 + dz2. (10)
In order to compute the components of the Einstein tensor, we
take dot to represent derivative with respect to r, whereas primestands for derivative with respect to z. Thus, the components are
given by
Gtt =
3
4
(
A′
A
)2
+ 1
2r
A˙ − 1
2
A′′
A
, (11)
Grr = −
1
4
(
A′
A
)2
+ 1
2r
A˙ + 1
2
A′′
A
, (12)
Gθθ =
1
4
(
A′
A
)2
+ 1
2
A¨, (13)
Gzz = −
1
4
(
A′
A
)2
+ 1
2
A¨ + 1
r
A˙. (14)
In the absence of the 2-brane the Einstein equations satisfy the
bulk vacuum Gab = 0. It follows that using
Gtt + Grr = 0, (15)
we ﬁnd the useful bulk equation for A(r, z)
1
2
(
A′
A
)2
+ 1
r
A˙ = 0. (16)
We shall reintroduce the brane shortly through boundary con-
ditions at z = 0, such that A(r, z)|z=0 ≡ A0(r) and A˙(r, z)|z=0 ≡
A˙0(r). See discussion below.
Let us now obtain the junction condition across the thin 2-
brane located at z = 0. The extrinsic curvature is given by
Kμν = qαμ∇αnν, (17)
where nα = (0,0,0,1). For the metric we have previously assumed
we have that Kμν is given by
Kab =
(
A′
2A
,− A
′
2A
,0,0
)
. (18)
The relation between Kab and the energy–momentum tensor is
given by the Israel’s junction condition in the ﬁrst derivative across
the brane at z = 0 [A′] = A′(0+) − A′(0−). If A′(0−) = −A′(0+)
such that [A′] = 2A′(0+) we ﬁnd [15]
[Kab] = Kab
(
0+
)= −κ
2
(4)
2
(
Uab − 12Uqab
)
. (19)
Thus using (18) we ﬁnd
Krr
(
0+
)= − A′(0+)
2A0
= −κ
2
(4)
2
(
pcurv − 1
2
(ρcurv + 2pcurv)
)
, (20)
which implies that
A′(0+)
A0
= −κ
2
(4)
2
ρcurv. (21)
On the 2-brane the Einstein equations govern the induced met-
ric qμν such that we can identify the induced energy–momentum
tensor for the curvature brane as Uab = δ(z)Uμν . Recall that Uμν
has no dependence on the coordinate z. Now we can write the
Einstein equations for the induced metric as follows
Gμν = −κ2(3)Uμν, μ,ν = 0,1,2. (22)
This allows us to obtain the following components
Utt = Urr = −
1
κ2
A˙0
2r
, (23)
(3)
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U θθ = −
1
κ2
(3)
A¨0
2
. (24)
Finally, we are able to recognize the energy density and the pres-
sure for the brane curvature as follows
ρcurv = 1
κ2(3)
A˙0
2r
, (25)
and
pcurv = − 1
κ2
(3)
A˙0
2r
. (26)
Notice that pcurv = −ρcurv, which shows that the ‘cosmic ﬂuid’ acts
as a cosmological constant. This signalizes the possibility of ﬁnding
a three-dimensional black hole on the brane even if we start with
a theory without any cosmological constant or matter ﬁelds.
Now using Eqs. (21) and (25) we ﬁnd
A′(0+)
A0
= − κ
2
(4)
4κ2(3)
A˙0
r
. (27)
Applying this solution into (16) with the boundary condition at
z = 0 we ﬁnd
1
2
[
κ2(4)
4κ2
(3)
A˙0
r
]2
+ A˙0
r
= 0, (28)
that is
A˙0 = −
32κ4(3)
κ4(4)
r. (29)
This equation can easily be integrated to give
A0(r) = c − r
2
2r20
, (30)
where r20 =
κ4
(4)
32κ4
(3)
is the ‘crossover scale’ and c is an integration
constant. This gives us an exact three-dimensional black hole solu-
tion living on the 2-brane that can be expressed in the usual form
ds2(3) = −
(
c − r
2
2r20
)
dt2 +
(
c − r
2
2r20
)−1
dr2 + r2 dθ2. (31)
For c = 1 we have just a de Sitter spacetime, whereas for c =
1 − 8G3M we have a three-dimensional de Sitter–Schwarzschild
(SdS3) black hole, a conical singularity with associated mass M [6].
We also deﬁne κ2(3) ≡ 8πG3. Assuming that our metric (10) now
describes a four-dimensional ﬂat space with two time-like coordi-
nates t and z which provides an AdS3 embedding results in Eq. (16)
with a changed sign
1
2
(
A′
A
)2
− 1
r
A˙ = 0. (32)
As a consequence our previous solution changes and now reads
ds2(3) = −
(
c + r
2
2r20
)
dt2 +
(
c + r
2
2r20
)−1
dr2 + r2 dθ2. (33)
For c = −8G3M this describes BTZ black hole solution embed-
ded into the 2-brane. As expected the geometry asymptotically
describes an AdS3 space. This metric is of the same type of BTZblack holes ﬁrst treated in Refs. [6–8] with an important exception.
The novelty here is that the black hole solution does not require
a cosmological constant a priori. Instead, the induced curvature on
the 2-brane gives rise to a ‘cosmic ﬂuid’ that plays the role of a
‘cosmological constant’. Notice that for κ2(4)  κ2(3) there is a four-
dimensional gravity dominance over the three-dimensional gravity,
such that r0 is very large and then the solution (30) approaches
the solution of a ﬂat space. However in four-dimensional grav-
ity this is not the only vacuum solution. Rather, there is also the
Schwarzschild solution, whose asymptotic behavior goes like 1/r.
We shall turn to this point shortly in the realm of the NMG [1].
3. Black hole solutions with induced scalar massive gravity on a
2-brane in 4D ﬂat spacetime
Let us now address the issue of having induced three-dimen-
sional NMG on the 2-brane described by the following action [1]
S(3) = 1
2κ2(3)
∫
d3x
√|q|
(
R(3) + 1
m2
K
)
, (34)
where m2 is the mass of the three-dimensional gravity and
K = R(3)μν R(3)μν − 38 R
(3)2. (35)
On the 2-brane we can write
Gab + 12m2 Kab = κ
2
(3)Uab, (36)
where Uba = δ(z)diag(−ρcurv, pcurv, pcurv,0). The tensor Kab is de-
ﬁned in terms of Levi-Civita covariant derivative, R and Rab — see
Ref. [1] for explicit form. Now using again the four-dimensional
spacetime metric (10) to have the induced three-dimensional met-
ric at z = 0 we ﬁnd
ρcurv = −Utt
= 1
κ2(3)
[
1
2r
dA0
dr
− 1
8m2
dA0
dr
d3A0
dr3
− 1
4m2
A0
d4A0
dr4
− 1
4m2
A0
r
d3A0
dr3
− 1
8m2
1
r
dA0
dr
d2A0
dr2
+ 1
16m2
(
d2A0
dr2
)2]
, (37)
and by using the relation (21), i.e.,
A′(0+)
A0
= −κ
2
(4)
2
ρcurv, (38)
we ﬁnd the following important equation
A′(0+)
A0
= − κ
2
(4)
4κ2(3)
[
1
r
dA0
dr
− 1
4m2
dA0
dr
d3A0
dr3
− 1
2m2
A0
d4A0
dr4
− 1
2m2
A0
r
d3A0
dr3
− 1
4m2
1
r
dA0
dr
d2A0
dr2
+ 1
8m2
(
d2A0
dr2
)2]
. (39)
We are now able to use Eq. (16) with the boundary condition at
z = 0
1
(
A′(0+))2 + 1 dA0 = 0, (40)2 A0 r dr
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r20
[
1
r
dA0
dr
− 1
2m2
(
1
2
dA0
dr
+ A0
r
)
d3A0
dr3
− 1
2m2
A0
d4A0
dr4
− 1
4m2
1
r
dA0
dr
d2A0
dr2
+ 1
8m2
(
d2A0
dr2
)2]2
+ 1
r
dA0
dr
= 0, (41)
where r20 =
κ4
(4)
32κ4
(3)
as in the previous case.
Let us try to ﬁnd a solution to this equation assuming the fol-
lowing ansatz
A0(r) = a
rn
+ br2 + c. (42)
We have found a class of exact non-trivial solutions for n = 0, as-
suming r20− = 8/α2(α2 + 4)2m2 and r20+ = 8/(α2 + 8)(α2 + 4)2m2,
by properly using Eq. (32) in place of Eq. (40), being c a constant,
such that our solutions become
A(α)0 (r) = c ±
8
(4+ α2)2
r2
r20±
. (43)
Recall that the case with plus sign and c < 0 corresponds to BTZ
solutions [6]. We remark that the above result suggests the exis-
tence of independent α-type three-dimensional black holes with
non-coincident horizons rα = (4+ α2)r0±/2
√
2, where α > 0.
On the other hand, one can also explore an approximate so-
lution of the type (42) with n 
= 0 for a near horizon regime, say,
around the largest horizon r  rα  r0 and large r0. Thus, we can
write
A(α)0 (r) 
a
rnα
+ c, (44)
that approaches the constant c for a/rnα  1. For a ﬁnite value of
a this is particularly true for massless gravitons, m → 0, because
r  rα  r0 ∼ 1/m → ∞. In the usual four-dimensional theory of
gravity the graviton is massless and the Newtonian potential goes
like 1/r. This allows us to ﬁx n = 1, a = −GM and c = 1 to ﬁnd the
Schwarzschild regime for very large three-dimensional black hole
horizons rα  r0
A(2)0 (r)  1−
GM
, (45)
rwith r  r0; recall that r20 = κ4(4)/32κ4(3) . Thus, this also signal-
izes that in this regime the four-dimensional gravity coupling
κ2(4) ≡ 8πG is dominating over the three-dimensional gravity part
controlled by the coupling κ(3) in our Lagrangian. This, of course,
happens because we are probing distances so large as the crossover
scale, so it is not surprising that the three-dimensional solutions
approaches a four-dimensional solution. However, it is not neces-
sary neither ask for a r varying in the same way as r0 nor assume
r0 to be very large. Indeed, as we show below, BTZ or three-
dimensional de Sitter–Schwarzschild (SdS3) solutions can ﬂow to
higher dimensional solutions as we probe suﬃcient large distances
along the 2-brane.
Since we are working with induced gravity on a 2-brane em-
bedded into a four-dimensional spacetime it is interesting to know
whether two-dimensional gravitational solutions have higher di-
mensional (i.e., four-dimensional) deviations from the bulk at some
scale. In other words, we shall see how BTZ/SdS3 black hole so-
lutions can receive deviations such that at some suﬃcient large
distance they look four-dimensional Schwarzschild black holes —
a similar investigation was carried out in [14]. Thus, we now
address the issue of ﬁnding local black holes solutions that can
ﬂow to each other as one goes from small (r  r0) through large
(r  r0) distances in the realm of NMG induced on a 2-brane em-
bedded in a ﬂat four-dimensional spacetime.
For this, we content ourselves with numerical solutions of
the differential equation (41). We work with the dimensionless
variables r˜ = r/r0 and α = mr0, being m and r0 the mass and
the crossover scale. The boundary conditions are such that we
can pick a branch distinct of the one that gave us the exact
BTZ/SdS3 solutions (43). Notice that for BTZ/SdS3 solutions the
third and fourth derivatives are zero everywhere. So we have cho-
sen the following boundary conditions: A(r˜∞) = 1, A′(r˜∞) = 0,
A′′(r˜∞) = 0, A′′′(r˜∞) = 1/10. The last two boundary conditions
prevent BTZ/SdS3 solutions at the scale r˜∞ . The boundary r˜∞ is
assumed to be a suﬃciently large scale — indeed, this is not neces-
sary since several tests revealed that the position of this boundary
is not relevant. In our results we are assuming 0  r˜ < r˜∞ with
r˜∞ = 2π and α = 6.7. The choice of α just reﬂects on the position
of the local BTZ/SdS3 black hole. The results are shown in Figs. 1
and 2 for SdS3 case. The right panel of these ﬁgures show how the
power d(r˜) of the ‘potential’ V (r˜) ∼ A(r˜)− c changes at each point.
Thus we deﬁne the useful quantity d(r˜) as the ‘effective dimension’
D. Bazeia et al. / Physics Letters B 704 (2011) 631–636 635Fig. 2. Left panel: The warp factor A(r˜) for large distances. We approach a local Schwarzschild-like solution for r˜  6. Right panel: The precise power d(r˜  6)  1 of the
‘potential’ A(r˜) − c ∼ −1/r˜, being c = 1.013.Fig. 3. The warp factor A(r˜) for the transition BTZ–SdS3 and SdS3–Schwarzschild-like
regimes.
d(r˜) = −d ln V (r˜)
d ln r˜
, (46)
which is pretty similar to the deﬁnition of spectral dimen-
sion [10,11,16–19]. Fig. 3 shows transition BTZ–SdS3 and SdS3–
Schwarzschild-like regimes for A′′′(r˜∞) = −1/10, α = 25 and
r0 = 6.
4. Conclusions
In this Letter we have found three-dimensional black hole solu-
tions in realm of pure and new massive gravity (NMG) induced on
a 2-brane embedded in a ﬂat four-dimensional spacetime. There
is no cosmological constant neither on the brane nor on the four-
dimensional bulk. Only gravitational ﬁelds are turned on and we
indeed ﬁnd vacuum solutions as black holes in 2 + 1 dimensions
even in the absence of any cosmological solution. In the ﬁrst part
of our investigation the induced gravity on the 2-brane without
new massive gravity term (pure gravity) reproduces a BTZ/SdS3
type black hole whose horizon has dependence with the ratio be-tween the four- and three-dimensional gravitational couplings κ(4)
and κ(3) . This allows us to identify one crossover scale that con-
trols how far the three- or four-dimensional gravity manifests on
the 2-brane. In the second part we include the new massive grav-
ity term. The mass of the gravitons now control the crossover scale.
In this realm we still ﬁnd exact black hole solutions with distinct
horizons. An effect can be identiﬁed as the probed distances on the
2-brane are around the crossover scale but with the crossover scale
very large (this happens as the graviton mass approaches zero).
It follows that in this regime the three-dimensional black hole
solution, as expected, can approach a Schwarzschild black hole
solution in 3 + 1 dimensions. Furthermore, even if the crossover
scale is not necessary large, the numerical solutions indicate a
more interesting effect. Now, the local BTZ/SdS3 solutions can ﬂow
to four-dimensional Schwarzschild-like black holes, as one moves
from small to large distances, which is clearly a higher dimensional
manifestation on the 2-brane. This is similar to the effect of man-
ifestation of extra dimensions for large probed distances along the
brane in the DGP scenario.
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